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Abstract 

Quantum channels depending on a number of classical control parameters are con- 
sidered. Assuming the stochastic fluctuations of the control parameters in the small 
errors limit it is shown that the channel fidelity is equal to the average value of 
the channel purities calculated in the cases of the control errors presence and ab- 
sence respectively. The result validity is demonstrated on two particular examples, 
namely, one-qubit quantum gates implemented in the framework of the ion trap 
setup and the single qubit anisotropic depolarizing quantum channel. 
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1 Introduction 



The investigation of open quantum systems is of importance in various fields, 
for example, in quantum information science. When we consider a quantum 
system interacting with a classical environment, the corresponding linear oper- 
ators (observables) depend on a set of the classical parameters representing the 
particular configuration of the environment. The decoherence phenomenon ap- 
pearing during the evolution of open quantum system as well as the quantum 
dynamics stability are of interest especially in the context of quantum infor- 
mation processing and, more generally, foundations of quantum physics. The 
formalism of quantum channels is very useful in describing quantum dynamics, 
including decoherence phenomenon [1]. Thus, in order to phenomenologically 
describe both the coherent (unitary evolution) and non-coherent (decoher- 
ence) dynamics of quantum system in a classical environment one can exploit 
the formalism of quantum channels depending on a number of the classical 
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control parameters. While one is interested in a quantum evolution of the sin- 
gle (open) quantum system and takes into account its interaction with the 
environment phenomenologically the decoherence strength can be quantified 
by comparing the system's final state purity (see [2]) with the initial state 
one. The generally accepted measure of quantum evolution stability is the fi- 
delity [3], for the recent developments in this field, for instance, see [4]. The 
question about the connection between the purity and the fidelity of quan- 
tum channels was touched in a number of papers. In the Ref. [5] the relation 
between the temporal behavior of the purity and the average Loschmidt echo 
(fidelity) was investigated on a rather general example of Hamiltonian system. 
It was demonstrated that the squared average Loschmidt echo is less or equal 
to the state purity taken at the same time moment. Fidelity and purity decay 
in weakly coupled composite systems was studied in the Ref. [4]. The general 
inequality F 2 < < I was reported, see also [6]. Here F is the fidelity, 
F R is the reduced fidelity and I is the purity. All quantities are taken at the 
same time moment. For rigorous definitions see [4]. The pure-state fidelity and 
the purity of quantum channels was studied in the Ref. [7]. The channel pu- 
rity and fidelity Hamiltonians were introduced which expectation values give 
either the channel purity or pure-state fidelity. Some particular channel ex- 
amples were considered. Stability and instability of quantum evolution were 
studied in the interaction between a two-level atom with photon recoil and 
a quantized field mode in an ideal cavity in the Ref. [8]. Particularly, it was 
shown both with initial Fock and coherent field states that quantum entropy, 
purity and fidelity of regularly moving atoms evolve in a regular way, whereas 
the respective quantum evolution is unstable with atoms moving chaotically. 
The transition of quantum system from a pure state to a mixed one, which is 
induced by the quantum criticality of the surrounding system modeled as an 
Ising spin chain in a transverse field was investigated in the Ref. [9]. Partic- 
ularly interesting in the present context, the linear relationship between the 
purity of the central system's reduced density matrix and Loschmidt echo was 
obtained in the framework of the model considered. The similar linear formula 
connecting the final state purity and the Hadamard gate fidelity was derived 
in the context of optical and ion trap holonomic quantum computations with 
small stochastic squeezing control errors [10]. 

In this Letter the quantum channels depending on a number of stochastically 
fluctuating classical control parameters are considered. The linear relationship 
between the channel purity and fidelity is obtained in the small control errors 
limit. Namely, it is demonstrated that the channel fidelity equals the average 
value of the channel purities calculated in the cases of the control errors pres- 
ence and absence respectively. The validity of this relation is checked for the 
two particular implementations of quantum channels, namely, arbitrary one- 
qubit quantum gates implemented in the framework of the ion trap setup [11] 
and the single qubit anisotropic depolarizing channel. 
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2 The relationship between channel purity and fidelity in small 
control errors limit 



The channel T over the finite-dimensional quantum state space H is a com- 
pletely positive trace-preserving quantum map, which has a non unique Kraus 
operator-sum representation [1]: 

T{p, A) = A (A) P A\ (A) , (1) 



where the Kraus operators A { satisfy the constraint A^A\ = 1 (here and bellow 
the summation over the repeated indexes is assumed, exceptions are evident) 
and p is the initial state density matrix. In this work it is also assumed that 
the channel T depends on a number of the classical control parameters rep- 



resented by the vector A = {A At }^ =1 , where the index p runs from 1 to N. 
Let the channel T (p, A) to be implemented in the ideal case of control errors 
absence. In reality the control errors (fluctuations of the control parameters) 
are unavoidable. Thus instead of the ideal channel implementation T (p, A) one 
gets T (p, A + SX). Here the only one source of errors is considered, namely, the 
errors in the assignment of the classical control parameters. The quantity SX 
represents the random fluctuations of the parameters. According to the rules 
of quantum mechanics one has to average the channel T (p, A + SX) over the 
fluctuations in order to obtain the final state density matrix. 

Let us denote the purity of the final state obtained when the initial state 
p is transmitted through the channel in the case of no errors and when the 
parameters values are A as Po(p, A) = tr [T (p, A)]. The purity of the channel 
T, when the initial state density matrix equals p, in the case of stochastic 
control errors is given by the expression: 



r2l 



P(p,X)=tr T(p,X + 5X) . (2) 



Here and bellow the line over the quantity denotes the averaging procedure 
over the control parameters fluctuations. The channel fidelity for the initial 
state described by p and parameters values A is 



F(p,X)=tr T(p,X)T(p,X + SX) 



(3) 



One has to distinguish two cases in the small control errors limit. The first one 
when <5A M ^ 0, and the second one when <5A M = 0, both for all p. Consider the 
first case of non-zero average values of control errors. For the channel purity 
when the initial state is described by p one gets: 

P (P, A) = Po( P , A) + 2tr (Td,T) ST, + .... (4) 
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Here the leading order terms are remained only and T = T (p, A). The channel 
fidelity under the same assumptions is 



F (p, A) = P (p, A) + tr (TdfjT) 5X, + .... (5) 



From the Eqs. (4) and (5) it is immediately seen that the following relationship 
is held: 

n,A)|^ PfaA)l ^ + ^ A) (6) 



It means that the channel fidelity equals the average value of the channel 
purities calculated in the cases of the stochastic control errors presence and 
absence respectively. 

Now we assume that the average values of the control errors equal zero, namely 
SXfj, = for all fi. Under this assumption in the small control errors limit one 
gets: 



P(P, A) |^=o = P o(p, A) + tr (Td,d u T) 5X,5X U + .... (7) 

In the last expression we have neglected the higher order terms that is justified 
by the usage of the small control errors limit as mentioned above. Under the 
same assumptions the channel fidelity has the following form: 



F(P, A) |^ =0 = Po(p, A) + \tr (Td,d u T) 5X,5X U + .... (8) 

Comparing the Eqs. (7) and (8) as well taking into account the Eq. (6) we 
can conclude that in the small errors limit independently whether the average 
value of the control errors equals zero or not the following relationship between 
the channel fidelity and purity is held: 

%A) = M^jM , (9) 



Thus the channel fidelity equals the average value of the channel purities 
calculated in the cases of the control errors presence and absence respectively. 
The expression (9) was derived in the case of the particular Hadamard gate 
implementation on optical and ion trap holonomic quantum computers in the 
Ref. [10]. Similar relationship between the purity and Loschmidt echo was 
obtained in the Ref. [9] in the context of the central system interacting with 
the surrounding system modeled by the Ising spin chain in a transverse field. 
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3 Example 1: one-qubit ion trap quantum computations 



The relationship (9) must be preserved in the particular case when the quan- 
tum channel represents some quantum gate, i.e. unitary evolution. In this 
case Kraus operator-sum representation of the channel reduces to T (p, A) = 
U (A) pW (A), where U (A) is a unitary operator. In the Ref. [10] in the partic- 
ular case of Hadamard gate implemented on optical and ion trap holonomic 
quantum computers it was obtained that the relationship (9) is satisfied. Now 
one more evidence supporting the validity of the Eq. (9) will be given. Namely, 
it will be derived in the case of the arbitrary one-qubit gate implemented on 
the ion trap quantum computer setup proposed in the Ref. [11]. In the frame- 
work of this approach arbitrary one-qubit gate is given by the expression: 



where a ± = (a x ± ia y ) /2, quantities 9 and ip are the classical control parame- 
ters and a XjV denote Pauli matrices. According to the general theory developed 
in the previous section assume that the control parameters stochastically fluc- 
tuate near the desired values 9 and ip . Namely, 9 = 9 + 59 and ip — ip + 5ip. 
As well fluctuations obey the condition 59 = 5ip = 0. Here the line denotes 
averaged quantities. After a bit lengthy but straightforward calculations one 
obtains the following expressions for the channel (final state) purity and chan- 
nel (quantum gate) fidelity: 




(10) 



P(p, O , <Po) = trp 2 + 2trG G, 
F(p, 9 , <p ) = trp 2 + trG G 



2, 



2- 




where 



G 







ho + tt/o l x o, p] + 7;9oXopx , 



G 2 




+7;9ix pxi + -92X px + -g xipx u 



(12) 



and 



-p(l + cosfl ) , 
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h 2 = — ipcos0 o 50 2 , 



fo = o 1 sin0 o , 
h = (e„ 1 cos O -^o 2 sin ^o) SO, 

h = \ (20 3 sin O - 20 o 2 cos O - 9 Q l sin 9 ) 59 2 , 

g = 6 2 (1 - cos0 o ) , 
g x = (9 2 sin O - 20 Q - 3 (1 - cos0 o )) SO, 

= \ ( 6 ^o 4 (1 - cos 9o) - 40 o 3 sin 9 + 9 2 cos O ) 59 2 , 



Xo = O (e^a + + e-^V-) , 
Xl = i9 (e^°(7 + - e-^°(j-) + (e^V + + e'^a') 59, 

x 2 = --0 O (e i(po a + + e-^V-) V + i (e^°cr + - e^a") 5^0. (13) 
From the Eqs. (11) it immediately follows that 

F{p, O , <po) = , (14) 



where -Po(p) — trp 2 . Thus in the particular case of one-qubit quantum gates 
implemented on the ion trap quantum computer the fidelity of the arbitrary 
gate equals the average value of the final state purities calculated in the cases 
of the control errors presence and absence respectively. In the later case the 
final state purity Po{p) coincides with the initial state one since the evolution 
is unitary. 



4 Example 2: single qubit anisotropic depolarizing channel 



Consider the single qubit anisotropic depolarizing channel defined by the fol- 
lowing Kraus operator-sum representation: 

3 

Tadc (p, {Pi} 3 i=0 ) = J2Pi a iP a i> ( 15 ) 



where Oi with i — 1, 2, 3 are Pauli matrices, <j equals the identity matrix and 
{PiYi=o * s a probability distribution playing the role of the control parameters 
vector. At the channel output the averaged final state density matrix is given 
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by the expression: 



T A DC (p, {Pi + W? =0 ) = (Pi + S Pi) °iP°i- ( 16 ) 



i=0 



It is seen that one has to accept that 5pi ^ at least for one % overwise the 
case is trivial. One can assume that 5pi ^ for all values of the index % without 
loosing the generality. By means of the straightforward calculations it is easy 
to demonstrate that the channel purity for the initial state p is 

PADC (p, {Pi}i=o) = P ADC + 2tr [ H Pi8pj<TifXTi<TjP<Tj \ • (17) 



Here P^bc * s the ^ na ^ state purity at the channel output in the case of the 
control errors absence. Similarly, one gets the expression for the fidelity: 

FADC (p, {Pi} 3 i=0 ) = PADC + tr \ H Pi8pj<TifX7i<7jP<7j) ■ ( 18 ) 

\i,j=0 J 



Comparing the Eqs. (17) and (18) it is evident that the relationship (9) is 
held. 



5 Conclusions 



Quantum channels depending on a number of classical control parameters were 
considered. Assuming the stochastic fluctuations of the parameters in the small 
errors limit it was shown that the channel fidelity is equal to the average value 
of the channel purities calculated in the cases of the control errors presence 
and absence respectively. Thus, the close relationship between the stability of 
quantum evolution and the decoherence induced by stochastic control errors 
is demonstrated. The result validity was checked on two particular examples, 
namely, the one-qubit ion trap quantum gates and the single qubit anisotropic 
depolarizing quantum channel. The advantage of the relationship obtained is 
that in the case when one investigates the decoherence induced by stochastic 
control errors or the stability of quantum dynamics it is not necessary to 
calculate both the channel (final state) purity and the channel (quantum gate) 
fidelity. In the small errors limit it is enough to calculate one of these quantities 
that can significantly reduce the size of the work to be done. As well the simple 
relationship obtained gives a good starting point for the estimates when the 
control errors are not small. Particularly, the presented result can be used 
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when one investigates the stability of holonomic quantum computations with 
respect to control errors, see [10,12] and references therein. 
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